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THE EVEN CLIFFORD STRUCTURE OF THE FOURTH SEVERI VARIETY 


MAURIZIO PARTON AND PAOLO PICCINNI 


Abstract. The Hermitian symmetric space M = EIII appears in the classification of complete simply connected 
Riemannian manifolds carrying a parallel even Clifford structure IMSlll . This means the existence of a real 
oriented Euclidean vector bundle E over it together with an algebra bundle morphism tp : C1®(E) —>■ End(rM) 
mapping A^E into skew-symmetric endomorphisms, and the existence of a metric connection on E compatible 
with p. We give an explicit description of such a vector bundle E as a, sub-bundle of End(rM). Erom this we 
construct a canonical differential 8-form on EIII, associated with its holonomy Spin(lO) ■ U(l) C U(16), that 
represents a generator of its cohomology ring. We relate it with a Schubert cycle structure by looking at EIII 
as the smooth projective variety V( 4 ) C CP^® known as the fourth Severi variety. 
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1. Introduction 

This paper deals with the compact Hermitian symmetric space 

EIII = E6/(Spin(10)-U(l)). 

Its holonomy group G = Spin(lO) ■ U(l) C U(16) gives rise to a G-structure we will describe in details both in 
the flat space and in sixteen dimensional complex Hermitian manifolds. 

The symmetric space EIII appears in the literature in more than one context. For example it is often called 
the projective plane over the complex octonions. One can in fact construct EIII by starting from the complex 
exceptional Jordan algebra 


P3(C(8)0) 


/Cl 

X3 

X2\ 

1 

1 X3 

C2 

Xl 

, Ci G C, a;i G C 0 O > 

\x2 

Xl 
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J 


of 3 X 3 Hermitian matrices over the composition algebra C ®r O of complex octonions, whose product is 
defined as (ci O a;i)(c 2 ® X 2 ) = C 1 C 2 O xiX 2 - The subgroup of GL(P 3 (C 0 O)) = GL(27, C) of complex linear 
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transformations preserving 

det A = i(trace A)^ — i(trace A)(trace A^) + i trace A^ 

6 2 3 

turns out to be the exceptional simple complex Lie group E 6 (C). The action of E 6 (C) on the associated 
projective space = P{'H 3 {C^O)) has three orbits, defined by the possible values of the rank of matrices. 
The closed orbit, consisting of rank one matrices and defined by the quadratic equation 

= (trace A)A, 

turns out to be the symmetric space EIII. By using the compact subgroup Ee C E 6 (C) one gets as isotropy 
subgroup Spin(10)-U(l) = (Spin(lO) xU(l))/Z 4 . The outlined construction is parallel with that of the projective 
Cayley plane Eli = E 4 /Spin( 9 ), and this is one reason for naming EIII the projective plane over the complex 
octonions. Cf. for example |AB03) for such constructions of Eli and EIII, and [Yok091 pages 86-90] for a careful 
description of the subgroup Spin(IO) ■ U(l) C Eg. 

Our motivation for the present work has been the study of Spin(9)-structures on 16-dimensional Riemannian 
manifolds. We did this in our previous work following the approach of Th. Eriedrich [FriOl] . i.e. via a suitably 
chosen rank 9 vector sub-bundle of the endomorphism bundle (cf. also Section]^ as well as |PP12] 1. Here we 
develop a similar approach for the groups Spin(lO) C SU(16) and Spin(lO) • U(l) C U(16). Our point of view 
fits in both contexts of Clifford systems and of even Clifford structures. These two notions are generally closely 
related, but not equivalent, as we will see in the present situation (cf. Theorem ll.il) . 

The notion of Clifford system, by definition a family [Pq, ..., Pm) of symmetric orthogonal and anticommuting 
endomorphisms in K^, has been introduced in the early 1980s by D. Ferus, H. Karcher and H. F. Miintzer in the 
framework of isoparametric hypersurfaces of spheres, and has been recently exploited in the study of singular 
Riemannian foliations in spheres (cf. Section 3] for further informations). The second notion, of a Clifford 
structure, has been instead proposed by A. Moroianu and U. Semmelmann, see [MSlll [MP13| . and studied 
in different contexts, being a unifying setting including Kahler, quaternion-Kahler, Spin(7), Spin(9) and other 
geometries. 

In this paper we describe a rank 10 vector sub-bundle E C End(rM) on a 16-dimensional Hermitian manifold 
M, equipped with a Spin(lO) ■ U(l)-structure, such that A^A is mapped to the bundle End” (TM) of skew- 
symmetric endomorphisms. This is exactly the definition of an even Clifford structure (cf. Section [7] for more 
details). As in the case of Spin(9), one can write (local) skew-symmetric matrices ijj^ = {ija/ 3 )o<a,p <9 of the 
Kahler 2-forms associated with A'^E. According to |MS11| . when this structure is parallel with respect to the 
Levi-Civita connection and on the simply connected non flat case, the Hermitian symmetric space EIII is the 
only possibility for such a manifold. 

A class of examples of even Clifford structures with E C End(rM) (now M is a real Riemannian manifold 
of any dimension) is when E is locally spanned by local Clifford systems of involutions on the tangent bundles, 
and related in the intersections by special orthogonal transformations. We will call essential an even Clifford 
structure which is not in this mentioned class of examples. 

In this respect, we prove the following: 

Theorem 1.1. The flat space admits both a Clifford system Cg = {Vg,... ,Vg) and an essential even 
Clifford structure E, related with representations of the abstract group Spin(lO). Namely, the Clifford system 
Cg defines a real representation o/Spin(10) in and the even Clifford structure E defines (one of the two 
conjugate) half-spin representations o/Spin(10) in 

Moreover, this essential even Clifford structure E is globally defined on the Hermitian symmetric space EIII. 
Thus here E C End(rEHI), and it is locally described on EIII by skew-symmetric matrices 

= i'l)!a/3)o<a,l3<9 

of local differential 2-forms, whose fourth coefficient T 4 of the characteristic polynomial gives a global closed 
differential 8-form 


^Spin(lO) = 
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Next, we look at EIII in another aspect, namely as a smooth complex projective algebraic variety. In this 
respect EIII has been called the fourth Severi variety. This term refers more generally to the possibility of 
defining projective planes over four complex composition algebras, namely over C®R, C(g)C, C01HI, C(8>0, and 
embedded in complex projective spaces of suitable dimension. One can in fact construct in a unified way (cf. 
[LMOlj i projective planes over the four listed composition algebras, and get in this way the four Severi varieties 
^( 1 )) ^( 2)5 ^( 3 )) V( 4 ) as smooth complex projective varieties respectively in CP®, CP®, CP^^, CP^®. Both the 
ambient spaces and the Severi varieties can be seen as projectified objects, the former of the Jordan algebra 
of Hermitian matrices, and the latter of their sets of rank one matrices. Further informations on the Severi 
varieties will be given in Section |31 

In Section [7] we prove our main result: 

Theorem 1.2. Let ui be the Kahler form and let $spin(io) = L4('0^) he the 8-form on EIII defined in Theorem 
II.II Then: 

(i) The de Rham cohomology algebra P*(EIII) is generated by (the classes of) w G and $Spin(io) G A®. 

(ii) By looking at EIII as the fourth Severi variety V( 4 ) C , the de Rham dual of the basis represented 

in P®(EIII;Z) by the forms ( ( 2 jl-) 4 ^Spin(io); given by the pair of algebraic cycles 

(CP^ + 3(CP^)', CP^ + 5(CP^)') , 

where CP^, (CP^)' are maximal linear subspaces, belonging to the two different families ruling a totally geodesic 
non-singular guadric Qs contained in V( 4 ). 


2. Preliminaries 

A natural approach to Spin(10)-structures is via an extension of the following notion, used in real 16- 
dimensional Riemannian geometry (see |FriOI) for Spin(9)-manifolds, and [PPI2] for some applications). 

Definition 2.1. A Spm{9)-structure on a 16-dimensional Riemannian manifold {M,g) is a rank 9 real vector 
bundle 

P® C End(TM) M, 

locally spanned by self-dual anti-commuting involutions la TM TM . Thus 

(2.1) Io=Icl, g{TaX,Y)=g{X,XaY), (a = l,...,9), 

and 

(2.2) laoXp = -Ipola, (ay^/3). 

In the terminology of the Introduction, P® is a non-essential even Clifford structure, defined through the local 
Clifford systems (Ii,.. .Xg). From these data one gets on M the local almost complex structures Jap =XaoXp, 
and the 9x9 skew-symmetric matrix of their Kahler 2-forms 

(2.3) = (ifap). 

The differential forms ifap, ex. < (3, are thus a local system of Kahler 2-forms on the Spin(9)-manifold (M^®, P®). 

On the model space the standard Spin(9)-structure is defined by the generators Xi,... ,Xg of the Clifford 
algebra Cl(9), the endomorphisms’ algebra of its 16-dimensional spin real representation Ag = K^® = O^. 
Accordingly, unit vectors in K® can be viewed as self-dual endomorphisms 

w : Ag = O® Ag = O®, 

and the action of u> = u -I- r S S'® (u G O, r G M, mm -I- = 1) on pairs (x, x') G O® is given by 



where Ru, Rtt denote the right multiplications by u, u, respectively (cf. |Har901 page 288]). The choices 
(w = 0,1), (0, i), (0, j), (0, k), (0, e), (0, /), (0, g), (0, h) and (1, 0) G S® C O x K = R® 
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define the symmetric orthogonal endomorphisms: 
(2.5) 

Ii = 

\ i-Cl U / \ u 

Is = I :: I , ifi = f, 17 = 


0 

Id\ 

H 

II 

f 0 

-R^ \ 

X / 

f 0 

Rj 

Id 

0 J 

^ Ri 

0 J 

5 -^6 1 

V 

0 


— 
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-Re 

- ( ^ 

-Rf 

i?e 

0 J 


0 


0 

Rg 

Rg 

0 


Is = 


“V 

Rk 


0 

— Rh 


0 


Iq = 


Id 

0 

0 

-Id 


where i?i,..., are the right multiplications by the 7 unit octonions , /i. 

The subgroup Spin(9) C SO(16) is then characterized as preserving the vector space 

(2.6) =<Ii,...,l 9 >C End(Ri®), 

and the space of 2-forms in decomposes under Spin(9) as 

(2.7) © A |4 


(cf. [FriOll page 146]), where A|g = spin(9) and AI 4 is an orthogonal complement in A^ = so(16). Bases of the 
two subspaces are given by the 36 compositions 

Ia/3 — la 1/3; 

with a < (3, and by the 84 compositions 

Ia/37 — IQI/3I7J 

a < /3 < 7 , all complex structures on We will need the explicit matrices Jap- By using the notation 


( 2 . 8 ) 


J12 = 
J 16 = 


n G 0, we c 

Ri 


0 

-Ai J 

Rf 

0 '' 

0 

-Rf y 


.I 13 = 
J17 = 


Ri 

0 

0 

~^j / 

Rg 

0 

0 

— Rg 


Jl4 = 

As = 


Rk 


As = 1 

' Re 

0 

0 

—Afc y 

i 0 

-Re 

Rh 





0 

-Ah J 





(2.9) 


J23 = 
Ae = 
J34, = 
At = 
Ae = 
Ae = 
At = 


Rij 
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—Rij J 

-Rif 


0 

~^if J 

^7 A; 

0 ^ 

0 

—Rjk J 

-Ri, 

0 ^ 

0 

-Rj, ) 


-Rkf 

0 

0 

-Rkf 

-Ref 

0 ^ 

0 

— Ref J 

-Rfg 

0 

0 

— Rfg 


A 4 : 
At ■ 
As ^ 
As ■ 
At ■ 
At : 
As ■ 


^ik 


0 

— Rig 

-Aife y 

0 

-A,e 

— Aig y 

0 

~^jh 

— Rje J 

0 

— Rkg 

— Rjh J 
0 ^ 

0 

— Reg 

— Rkg J 

0 

— Reg J 


-Rfh 

0 

0 

-Rfh 


As = 
As = 
Ae = 
As = 
As = 
As = 
As = 


Rie 


0 

— Rie J 

^ih 
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—Rih y 

-A,f 

0 ^ 

0 

—Rjf J 


0 '' 

0 

^ke J 


^kh 

0 

0 


^eh 

0 ^ 

0 

^eh J 

— Rgh 

0 

0 

^gh / 


Ag = 
Ag = 


0 

-Id 

Id 

0 

0 

Re 

Re 

0 


Ag 

Ag 


0 

Ri \ 

Ri 

0 J 

0 

Rf ' 

Rf 

0 T 


Ag 

Ag 


0 

R.i 

Rj 

0 

0 

Ag 

Rg 

0 


Ag 

Ag 


0 

Rk 

Rk 

0 

0 

Ah 

Ah 

0 


( 2 . 10 ) 
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To write their associated Kahler forms ipap, denote the coordinates in just by (1,..., 8,1',. • ■ 18 '). 

For example, the notation —12 stands for the 2-form —dxi A dx 2 - 


( 2 . 11 ) 


to 

II 

= (- 

12 -I- 34 

-f 

56 

- 

78) — 

( 

)', 

013 

014 = 

= (- 

14 -1- 23 

-)- 

58 

- 

67) — 

( 

)', 

015 

016 = 

= (- 

16 -I- 25 

- 

38 

+ 
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( 
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00 

II 
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18 - 

- 27 

+ 

36 

+ 
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( 
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V'23 

024 = 

= (i3 -1-; 

24 4- 

57 4- 
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)' 

5 
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026 = 

= (is -1-: 
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48) -h ( 

)' 

1 
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028 = 

= (- 

■17 -I- 28 

- 

35 

-f 

46) -1- 

( 
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035 = 

= (- 

17 - 

- 28 

-)- 

35 

+ 

46) -1- 

( 

)0 
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= (4 
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- 26 

+ 

37 

- 

48) -1- 

( 
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V'38 
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= {- 

■18 -1- 27 

- 

36 

-)- 
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( 
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+ 

38 

+ 
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{ 
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+ 
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+ 
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( 
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058 = 
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58 
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( 

)0 
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068 = 
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- 

57 

+ 
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( 
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V'78 


(-13 - 24 -I- 57 -f 68) - ( )', 
( — 15 — 26 — 37 — 48) — ( )', 
( — 17 -f 28 -I- 35 — 46) — ( )', 
(-14 -I- 23 - 58 -f 67) -I- ( )', 

(-16 -f 25 -I- 38 - 47) -t- ( )', 

(18 -f 27 -I- 36 -I- 45) -f ( )', 
(-12 -f 34 - 56 -f 78) -t- ( )', 

(-18 -f 27 -I- 36 - 45) -1- ( )', 

(16 -f 25 -f 38 -I- 47) -f ( )', 
(l7 -f 28 -I- 35 -I- 46) -I- ( )', 
(l5 - 26 - 37 -I- 48) -I- ( )', 
(-13 -f 24 -f 57 - 68) -I- ( )', 
(l4 -f 23 -f 58 -f 67) -f ( )', 
(12 -f 34 -f 56 H- 78) -I- ( )', 


where ( )' is for ' of what appears before it, for instance 

(2.12) '012 = ( — 12 -f 34 -I- 56 — 78) — ( —1'2' -I- 3'4' -|- 5'6' — 7'8'). 


Moreover: 


(2.13) 


Ipig = — 11 ' — 22' — 33' — 44' — 55' — 66' — 77' — 88', 

■029 = —12' + 21' + 34' — 43' + 56' — 65' — 78' -|- 87', 

039 = —13' — 24' + 31' -1- 42' + 57' + 68' — 75' — 86', 

049 = —14' -I- 23' — 32' + 4l' + 58' — 67' + 76' — 85', 

059 = —15' — 26' — 37' — 48' + 51' -|- 62' + 73' + 84', 

069 = —16' -I- 25' — 38' -|- 47' — 52' -|- 6l' — 74' -|- 83', 

079 = —17' -I- 28' + 35' — 46' — 53' -|- 64' + 71' — 82', 

089 = —18' — 27' + 36' + 45' — 54' — 63' + 72' + 8l'. 


All of this, via invariant polynomials, allows to get global differential forms on manifolds M^®. 

The following is proved in [PP12] : 

Proposition 2.2. Let 

0 — (0q:/3) l<a,/3<9 

be the skew-symmetric matrix of the Kahler 2-forms associated with the family of complex structures Jap- If T 2 
and T 4 denote the second and fourth coefficient of the characteristic polynomial, then: 

T2(0^) = 0, ^'^4(0'^) = «'Spin(9), 

where $spin( 9 ) € A®(R46) jg canonical form associated with the standard Spm{9)-structure in M^®. 


The 8-form $spin( 9 ) was originally defined by M. Berger in 1972, cf. [Ber72] . See also the following Remark 
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3. The fourth Severi variety V(4) c 

The following characterization of the four Severi varieties was proved by F. L. Zak in the early 1980s in the 
context of chordal varieties f [Zak851 ILVdV84] l. Let Vn C CP™ be a smooth complex projective variety not 
contained in a hyperplane, and assume that its dimension n satisfies n = §(m — 2). Then the chordal variety 
Chord V, locus of of all the secant and tangent lines, coincides with CP™, unless n = 2,4, 8,16 and V is one of 
the following projective varieties: 

i) = CP^, the Veronese surface in CP®, 

ii) V( 2 ) = CP^ X CP^, the Segre four-fold in CP®, 

hi) V( 3 ) = Gr 2 (C®), the Pliicker embedding of this Grassmannian in CP^"^, 

iv) V( 4 ) = Fill, the projective plane over complex octonions as a smooth subvariety of CP^®. 

Moreover, the lower codimension hypothesis n > |(m — 2) insures that Chord V = CP™. 

For the four mentioned exceptions, namely the Severi varieties (i = 1,2,3,4), the chordal variety 
Chord coincides with the cubic hypersurface deiA = 0, i.e. with the variety of matrices of rank < 2 
in the construction via the Jordan algebra P 3 in the respective complex composition algebra. 

The name for these four V(j) was given by Zak in recognition of a 1901 F. Severi’s work |Sev01] . investigating 
projective surfaces with the mentioned chordal property, and characterizing in this way the Veronese surface 
V(i) of CP®. It is notable that from Zak classification it follows that all the four Severi varieties can be looked 
at “Veronese surfaces”, i.e. at projective planes 

V(i) = (C ( 8 > R)p2 C CP®, V( 2 ) = (C O C)p2 C CP®, 

V( 3 ) = (C (g) IHI)p2 c CP^^ V( 4 ) = (C O 0)p2 C CP2® 

embedded in complex projective spaces via an appropriately written “Veronese map” 

(a:o : xi : X 2 ) —> {■■■■■ xiXm ■ ■■ ■) (0 < ^ < m < 2 ), 

where Xm denotes the conjugation in the second factor algebra (cf. |Zak851 Theorems 6 and 7]). 

It is relevant for us that the four Severi varieties appear in the following table of “projective planes” (K (g) 

]K')P^: 


\K' = 

K =\ 

R 

C 

H 

0 

M 

IRP2 

cp 2 ^ yA 

HP2 

0P2 ^ F4/Spin(9) 

C 

Cp2 ^ y4 

cp2 X cp2 ^ Vi 

Gr2(C®) ^ 

E6/Spin(10) • U(l) ^ Vii 

H 

Hp2 

Gr-2(C®) ^ 

Grf 

E7/Spin(12) • Sp(l) 

0 

OP2 F4/Spin(9) 

E6/Spin(10) • U(l) ^ V/g® 

E7/Spin(12) • Sp(l) 

E8/Spin(16)+ 


This can be seen as an application to compact symmetric spaces of the Freudenthal magic square of Lie 
algebras, see e.g. |Baen21 page 193]. In particular, in the C-row and the C-column of the above table we see the 
four Severi varieties 

V( 1 ) = ^ 2 " C CP®, V( 2 ) = V 4 ® c CP®, V(3) = V/" C cpi4, V(4) = V/e® C cp2®, 

where following the classical notations denotes a complex projective algebraic variety of dimension n and 
degree d in a CP™. 

We can also recognize how the cohomology of the first, second and third Severi variety is generated by the 
cohomology classes of canonical differential forms. There is of course the Kahler 2-form as the only generator 
on V(i) = CP^, and there are the two Kahler 2-forms of the factors for V( 2 ) = CP^ x CP^. On V( 3 ) = Gr 2 (C®) 
the cohomology generators are the complex Kahler 2-form w and the quaternionic 4-form O, since Gr 2 (C®) 
turns out to have both a complex Kahler and a quaternion-K” abler structure, with no compatibility between 
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them. Thus one expects something similar for the fourth Severi variety V( 4 ) = EIII, where its complex Kahler 
structure may be non-compatible with its “octonionic” one. 

Both the cohomology algebra and the Chow ring of V( 4 ) = EIII have been computed (see [TW741IIM051 
IDZlOj l. The integral cohomology algebra has no torsion and: 

(3.2) Er*(EIII) ^^Z[ai,a4]/(r9,ri2) 

where oi S H^, 04 G and rfj denote relations in . 

A CW-decomposition of EIII into Schubert cycles is described in |IM05[ IDZIO] . This allows to get the Chow 
ring of EIII, whose structure is isomorphic to that of mentioned cohomology. This has been done in [IMPS] by 
obtaining three generators and several relations, and in [DZIOj has been observed that two generators suffice. 
The following picture, taken from |IM05| . describes the Schubert cycles of EIII, labelled by their degrees, and 
their incidence relations. The complex dimension of the cycles goes from zero on the left to 16 on the right, 
where the full fourth Severi variety appears. 



The four black nodes appearing in the the diagram emphasize, besides the whole variety EIII ~ (C(8)0)P^ = 
ViQ, its totally geodesic “projective line” (C(g)0)P^ = G'r 2 (R^°), isometric to a non singular quadric Qs C CP®. 
It is well known from projective geometry (see for example |Seg72[ page 64]), that even dimensional non singular 
quadrics admit two families of maximal linear subspaces. In the case of Qs these are two 10-dimensional families 
of 4-dimensional linear subspaces. Elements CP^, (CP^)' of these two families appear in the diagram, where 
it appears that the (CP^)' (but not the CP^) are extendable to 5-dimensional linear subspaces in but as 
mentioned non-extendable in Qs- 

Remark 3.1. The two families (both of complex dimension 10) of complex projective spaces CP^ C Qs can 
be viewed also as the families of sub-Grassmannians Gri(C®) C Gr 2 (K^®) with respect to a choice of complex 
structures on the two families parametrized by the Hermitian symmetric space SO(10)/U(5), with respect to 
the two possible orientations. This observation will be used in the proof of Theorem 11.21 

4. A Clifford system and a Lie subalgebra 1} c so(32) 

The construction outlined in Section [5] for the canonical 8-form 4>spi„(g) can be seen in parallel with those of 
other canonical differential forms. 

In particular, the datum of a rank 5 vector bundle C End (PM) over a Riemannian manifold M®, locally 
generated by involutions Xi,..., X 5 satisfying properties (EH), EH: is equivalent to the datum of an almost 
quaternion-Hermitian structure of M®. One sees in particular that the quaternionic 4-form in real dimension 8 
can be constructed from P®, cf. [PP121 page 329]. On the other hand, the vector bundles P® C End(TM) and 
P® C End(TM), when M is respectively a Riemannian M® or are examples of even Clifford structure 

in the sense of |MS11| . and they are both non-essential, according to the definition given in the Introduction. 
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Thus, in the mentioned examples, such an even Clifford structure is equivalent to the datum on M® or of 
a Sp(2) • Sp(l) or a Spin(9)-structure. 

It is therefore natural to inquire about the possibility of a similar approach for a Spin(10)-structure on 
and again more generally on manifolds. The following Proposition shows that the same approach cannot be 
pursued without modification for the group Spin(lO). 

Proposition 4.1. The complex space does not admit any family often endomorphisms Iqj ■ • ■ )2ig, satisfying 
the properties cu and (Ea) with respect to the standard Hermitian scalar product g. 

Proof. Assume that Iq, ... ,Xg are involutions on satisfying (12.11) and (12.21) . Note that any such Xa lies 
necessarily in U(16). To show the non-existence on of such a datum, we will see that the set of all 
compositions 

JctP — (o < /5), Jap'y — dlfyXgXry (o ^ jd y), 

Jap-rSeC = XaXpX^XsXfXQ (a</3<7<(5<e<C) 

of two, three and six such involutions would give rise to linearly independent complex structures on In fact, 
counting their number, we would obtain in this way 45-1-120-1-210=375 linearly independent complex structures. 
But the dimension of the space A^d of orthogonal complex structures on is only 256. 

Going into some details, it is an easy consequence of relations (ED and (Ea that any composition of 2, 3 or 
6 different involutions among Xg,... .,Xg is a complex structure, whereas the composition of 4 or 5 of them is an 
involution. With this in mind, we can show that the complex structures listed in are mutually orthogonal. 
To see this, and as a first observation, we get immediately that tr(J*^ = ti[XpXaX.yXs) = 0 if any of 7 < <5 
equals any oi a < jd. But also tr(J*^J..y5) = tT{XgXaX^Xs) = 0 if a ^ 7, 5 and Id ^ ■j, 6, since we are here 
composing the skew symmetric endomorphism Jpa-y with the symmetric Xs- Thus, any pair in the first family 
{Jap} with a < fd listed in (j4.ip is given by orthogonal complex structures. Similarly, one sees that any pair 
chosen inside the family {for a < fd < 7, or inside the family {Jap-yStc}, ior a < jd < ^ < 5 < e < \s 
given also by orthogonal complex structures. 

It remains to be shown that complex structures chosen in different families among the three listed in ED are 
mutually orthogonal. We do this for J^p and and without coincidences between any of the first two and any 
of the last three indices (when there is at least one coincidence, the orthogonality is immediate). Remind that 
the composition Jap~/Se = Jap ° J-ySe is a self adjoint involution and, if the index f is distinct from all the five 
previous ones, JapySe anti-commutes with Thus, we are dealing with the two self adjoint anti-commuting 
involutions A = JapySe and B = X(^. Let B' = C~^BC = diag = (Ai,... Aie) be a diagonal form of B and let 
A' = C~^AC. Since B'^ = B^ is the identity matrix, we have \\ = ■ ■ ■ = A^g = 1 . On the other hand, from 
AB = —BA we get A'B' = —B'A', so that the diagonal entries of A' are all zero. It follows that the trace of 
A = JaPySe is zero, and thus tr( J*^ = 0, showing that Jap and J^se are orthogonal. The other possibilities 

of two complex structures in different families listed in ED are treated in a similar way. □ 

Both definitions of a Sp(2) • Sp(l)-structure and of a Spin(9)-structure (cf. Definition 12.11 and the discussion 
at the very beginning of this Section) fit in the framework of the so-called Clifford systems (see [FKM811 IRadl41 
IGR15p . These are sets C = (Pq, ... ,Pm) of symmetric transformations in a Euclidean real vector space 
such that = Id for all a and PaPp + PpPa = 0 for all a f. One can then show that a Clifford system 
exists in a if and only if = 2kS{m), where A: is a positive integer and S{m) is given by: 


m 

1 

2 

3 

4 

5 

6 

7 

8 

8 + h 

5{m) 

1 

2 

4 

4 

8 

8 

8 

8 

16S{h) 


When k = 1 the Clifford system is said to be irreducible. Thus, for m = 8 and for m = 4, an irreducible Clifford 
system defines a Spin(9) and a Sp(2) • Sp(l) structure in and in R®, respectively. The prototype example 
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of an irreducible Clifford system is, for m = 2 and in = C^, the set of the three Pauli matrices 


II 

fo 1) 

II 

^ 0 f ^ 

II 

fi 0) 


C 0 / 


0 

1 


, 0 -ij 


e U(2). 


The former table foresees the existence of an irreducible Clifford system with m = 9 in the vector space . Be 
careful that this does not contradict ProDOsition l4.ll stating that such a Clifford system cannot be chosen with 
all elements in U(16). To write a Clifford system Cg = {Vg^Vi ^... ,Pg) in R^^, one can imitate the procedure 
that allows to pass from C 4 to Cs, i.e. from a Sp(2) ■ Sp(l) to a Spin(9) structure. This gives the following 
symmetric matrices in SO(32): 


Vo = 


(4.2) 


0 

Id\ 

l^ld 



Pi = 


P7 = 


Pi = 

0 

J 12 


' 0 

— Jib 

<^15 

0 

^ 0 

— >^18 

y ^18 

0 


—J 12 



0 

— Jib 

Jiz 

0 


V5 = 


V 8 = 


0 

— Jib 

Jib 

0 

0 

— Jl9 

Jl9 

0 



0 

— Jl4 

Jl 4 

0 


Vg = 


Vg = 


0 

-Jl7 

Jl7 

0 


Id 

0 

0 

-Id 


where the J\p are the ones dehned in (12.8|) . (I2.10|) . It is immediately checked that = Id and VaVp = —VpVa 
for p. 

The following complex structures Pap = Va oPp {a < P) in R^^ generate a Lie subalgebra () C so (32). We 
will see in a moment that f) = spin(lO) C su(16) C so(32). The 45 Pap can be split into the following three 
families of respectively 8, 28 and 9 skew-symmetric matrices: 


(4.3) 


J 12 

\ 

0 

, P 02 = 

^ Jl3 

\ 

0 

0 

—J 12 ^ 

[ ° 

— Jl3 ^ 


, Pos = 



\ 

Jig 

0 

0 

— Jig y 


(4.4) 


(4.5) 


Pog = 


Id 



J 23 

\ 

0 

, Pl3 = 

J2i 

0 


[ ° 

J 23 ^ 

[ ° 

J2i 



\ 

( 


\ 

/ 


Pis = 



\ 

Jsg 

0 

0 

Jsg j 


-Id 


Pl9 = 


/ 


J 12 


J 12 


P 29 = 




0 

\ 

J\z 

0 


■ , Ps9 = 


V 



\ 

0 


J19 

° ) 


Note that by construction the vector space generated by all these Pap is a Lie subalgebra () of so(32). 


5. The Lie algebra spin(lO) C su(16) 

To relate the Lie algebra 

h =< PaP >0<a<P<9 

constructed in the previous Section with the Lie algebra spin(lO), it is useful to compare it with a description of 
the (half-)spin representation of the group Spin(lO) on References for spin representations are for example 
|Pos861 Lecture 13] and |Meil3l Chapter 3]. However, a specific (and for us convenient) excellent account to the 
group Spin(lO) has been given by R. Bryant in the file |Bry99|. Since the representation of Spin(9) C S0(16) in 
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MAURIZIO PARTON AND PAOLO PICCINNI 


Bryant’s notes is slightly different from the one used in R. Harvey’s book [HarQO] . and since we used this latter 
both in our previous papers |PP121 IPP131 lOPPVl,^ and in the previous Sections, we need first to rephrase in 
our context some arguments. 

At Lie algebras level, we can go from spm(9) to spm(lO) by adding to the family = {Jap}i<a<p <9 of 36 
complex structures nine further complex structures in Since the spin representation of Spin(lO) is on C^®, 
the new family 

J — }o<a</5<9 

will be of 45 complex structures on C^®, and a basis of spin(lO). 

In the approach of |Bry99| , one first looks at Spin(lO) as a subgroup of C1(]R©0, <, >), the Clifford algebra 
generated by R © O endowed with its direct sum inner product. This algebra is isomorphic to Endc(C © O^): 
since this latter is isomorphic to Mi6(C), the linear map 

m(^r,v) : C © —>■ C © 




V 


defined by the matrix 

/ 

r Ry 
Ry P 

has to be, by dimensional reasons, a one-to-one onto representation, whence the claimed isomorphism 

C1(R © O, <, >) = Endc(C © O^). 

This allows to recognize the Lie algebra spin(lO) as: 

z / 


spin(lO) = 


a+ + irldg Ru + iRv 
—Ru + iRv a- — ii'Idg 


, r G R, G O, a = (a+,a_) G spin(8) >. 


This description is consistent with obtaining spin(lO) through the datum of the nine extra complex structures 
Joi = 2o21i, Jo2 = T0I2, ■ • ■, = R 0 R 9 to be added to the family of the 36 complex structures defining its 

Lie sub-algebra 


/ 


spin(9) = 

In particular, the inclusions 


u-j- Ru 
Ru 


M G O, a = (a+, a_) G spin(8) >. 


spin(9) C so(16), spin(lO) C su(16) 


are immediately recognized. 

Observe also that, since there are no intermediate subgroups between Spin(9) and Spin(lO), the latter is 
generated by its subgroup Spin(9) and by the circle 


T = 


^ e*Od| 

V 0 


0 


Ods 



r G R, 


Moreover, looking back to the the family of complex structures and their Kahler forms given by (I2.11L 
(12.131) , note that once the 8 complex structures (12.131) are given, one can construct from them all the remaining 
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28 complex structures as: 


(5.1) 


•^78 = 2 ['^89, <^ 79 ], 
'^ 89 ]’ '^88 = 2['^89, <^ 69 ], 

<^56 = 2 ['^69’'^59], >^57 = 2 ['^79,'^59], ■^SS = 2 ['^89, <^59], 

•^45 = '^49], •/46 = ■;^[<^69,'^49], Ji7 = T ,[ Jt 3 ^ Ja 9 \, >^48 = X <^49], ■ • ■ 


and so on, up to J 12 = \\J 29 ^ Jw], ■ ■ ■, Jis, = 5 [>^ 89 ; '^ 19 ]• 

Thus, a coherent way to define new complex structures Jqi, J 02 , 
spin(lO), is given as follows: 


, Jo 9 in C^®, and to obtain thus a basis of 


/ 


Tog = i 


Toi — 2 “ * 




0 

Id ^ 

Id 

0 ^ 


Id 0 


-Id 


( 5 . 2 ) Jq 3 _ -[Jgg, Jpg] _ i 


To 5 — 2 Tog] — i 


To7 = 2 “ * 


= ilg, 



Rj 


0 


-Re 

Re 

0 

0 

— Rg 

Rg 

0 


— ill, To2 — 2 ["^2®’ '^®®] “ * 


= iX-i, To 4 = 2 ['^ 49 , Tog] = i 


— 1X5, Toe — 2 ['^6®’ "^o®] “ * 


— iTj, To 8 — 2 ["^89) Tog] — i 


0 

-Rt 

^ Ri 

0 

0 

-Rk 

y Rk 

0 

0 

-Rf 

V 

0 

0 

— Rh 

Y Rh 

0 


= iXi 


7 X 4 , 


= 7 X 5 


= iXi 


■ 8 , 


where in the definition of Tog we took into account the first of the two previous observations and in the definition 
of Toi,..., To 8 the second one. 

Denote now by 

T — {Tq,^ }o<a</ 3<9 

this family of 45 complex structures, a basis of spin(lO). 

The Kahler 2-forms ijjap associated with the complex structures in can now be written. The 36 Kahler 
forms in the subfamily are of course deduced from those in (12.1111 . (12.131) . 

To complete them, use now notations (zi,..., zs, zy,..., Z 8 ')=(li. ■., 8 ,1',. ■ •; 8') for the coordinates in C^®, 
and the short forms 


(smaller size and boldface) to denote 


a/3, cx./3'yS 


dza A dzp, dza A dzp A dz-y A dzs- 


Then, by reading Formulas (12.111) in complex coordinates, we get: 
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2012 

= 

(-12 

+ 

21 

+ 

34 

- 

43 

+ 

56 

- 

65 

- 

78 

+ 

87) — (—12 

+ 

21 

+ 

34 

- 

43 

+ 

56 

- 

65 

- 

78 

+ 

87) 

2013 

= 

(-13 

+ 

3i 

- 

24 

+ 

42 

+ 

57 

- 

75 

+ 

68 

- 

86) — ( — 13 

+ 

31 

- 

24 

+ 

42 

+ 

57 

- 

75 

+ 

68 

- 

86) 

2014 

= 

(-14 

+ 

41 

+ 

23 

- 

32 

+ 

58 

- 

85 

- 

67 

+ 

76) — (—14 

+ 

41 

+ 

23 

- 

32 

+ 

58 

- 

85 

- 

67 

+ 

76) 

2015 

= 

(-15 

+ 

5i 

- 

26 

+ 

62 

- 

37 

+ 

73 

- 

48 

+ 

84) — ( — 15 

+ 

51 

- 

26 

+ 

62 

- 

37 

+ 

73 

- 

48 

+ 

84) 

2016 

= 

(-16 

+ 

61 

+ 

25 

- 

52 

- 

38 

+ 

83 

+ 

47 

- 

74) — ( — 16 

+ 

61 

+ 

25 

- 

52 

- 

38 

+ 

83 

+ 

47 

- 

74) 

2017 

= 

(-17 

+ 

71 

+ 

28 

- 

82 

+ 

35 

- 

53 

- 

46 

+ 

64) — ( — 17 

+ 

71 

+ 

28 

- 

82 

+ 

35 

- 

53 

- 

46 

+ 

64) 

2018 

= 

(-18 

+ 

8i 

- 

27 

+ 

72 

+ 

36 

- 

63 

+ 

45 

- 

ICC 

H 

1 

+ 

81 

- 

27 

+ 

72 

+ 

36 

- 

63 

+ 

45 

- 

54) 

2023 

= 

(-14 

+ 

41 

+ 

23 

- 

32 

- 

58 

+ 

85 

+ 

67 

- 

76) + (-14 

+ 

41 

+ 

23 

- 

32 

- 

58 

+ 

85 

+ 

67 

- 

76) 

2024 

= 

(+13 

- 

31 

+ 

24 

- 

42 

+ 

57 

- 

75 

+ 

68 

- 

86) + ( + 13 

- 

31 

+ 

24 

- 

42 

+ 

57 

- 

75 

+ 

68 

- 

86) 

2025 

= 

(-16 

+ 

61 

+ 

25 

- 

52 

+ 

38 

- 

83 

- 

47 

+ 

74) + (-16 

+ 

61 

+ 

25 

- 

52 

+ 

38 

- 

83 

- 

47 

+ 

74) 

2026 

= 

(+15 

- 

51 

+ 

26 

- 

62 

- 

37 

+ 

73 

- 

48 

+ 

84) + ( + 15 

- 

51 

+ 

26 

- 

62 

- 

37 

+ 

73 

- 

48 

+ 

84) 

2027 

= 

(+18 

- 

81 + 27 

- 

72 + 36 

- 

63 + 45 

- 

54) + ( + 18 

- 

81 + 27 

- 

72 + 36 

- 

63 + 45 

- 

54) 

2028 

= 

(-17 

+ 

7i 

+ 

28 

- 

82 

- 

35 

+ 

53 

+ 

46 

- 

64) + (-17 

+ 

71 

+ 

28 

- 

82 

- 

35 

+ 

53 

+ 

46 

- 

64) 

2034 

= 

(-12 

+ 

21 

+ 

34 

- 

43 

- 

56 

+ 

65 

+ 

78 

- 

87) + ( — 12 

+ 

21 

+ 

34 

- 

43 

- 

56 

+ 

65 

+ 

78 

- 

87) 

2035 

= 

(-17 

+ 

7i 

- 

28 

+ 

82 

+ 

35 

- 

53 

+ 

46 

- 

64) + (-17 

+ 

71 

- 

28 

+ 

82 

+ 

35 

- 

53 

+ 

46 

- 

64) 

2036 

= 

(-18 

+ 

8i 

+ 

27 

- 

72 

+ 

36 

- 

63 

- 

45 

+ 

54) + (-18 

+ 

81 

+ 

27 

- 

72 

+ 

36 

- 

63 

- 

45 

+ 

54) 

2037 

= 

(+15 

- 

51 

- 

26 + 62 + 37 

- 

73 

- 

48 + 84) + ( + 15 

- 

51 

- 

26 + 62 + 37 

- 

73 

- 

48 + 84) 

2038 

= 

(+16 

- 

6i 

+ 

25 

- 

52 

+ 

38 

- 

83 

+ 

47 

- 

74) + ( + 16 

- 

61 

+ 

25 

- 

52 

+ 

38 

- 

83 

+ 

47 

- 

74) 

2045 

= 

(-18 

+ 

8i 

+ 

27 

- 

72 

- 

36 

+ 

63 

+ 

45 

- 

54) + (-18 

+ 

81 

+ 

27 

- 

72 

- 

36 

+ 

63 

+ 

45 

- 

54) 

2046 

= 

(+17 

- 

7i 

+ 

28 

- 

82 

+ 

35 

- 

53 

+ 

46 

- 

64) + ( + 17 

- 

71 

+ 

28 

- 

82 

+ 

35 

- 

53 

+ 

46 

- 

64) 

2047 

= 

(-16 

+ 

6i 

- 

25 

+ 

52 

+ 

38 

- 

83 

+ 

47 

- 

74) + (-16 

+ 

61 

- 

25 

+ 

52 

+ 

38 

- 

83 

+ 

47 

- 

74) 

2048 

= 

(+15 

- 

5i 

- 

26 

+ 

62 

- 

37 

+ 

73 

+ 

48 

- 

84) + ( + 15 

- 

51 

- 

26 

+ 

62 

- 

37 

+ 

73 

+ 

48 

- 

84) 

2056 

= 

(-12 

+ 

21 

- 

34 

+ 

43 

+ 

56 

- 

65 

+ 

78 

- 

87) + ( — 12 

+ 

21 

- 

34 

+ 

43 

+ 

56 

- 

65 

+ 

78 

- 

87) 

2057 

= 

(-13 

+ 

3i 

+ 

24 

- 

42 

+ 

57 

- 

75 

- 

68 

+ 

86) + ( — 13 

+ 

31 

+ 

24 

- 

42 

+ 

57 

- 

75 

- 

68 

+ 

86) 

2058 

= 

(-14 

+ 

4i 

- 

23 

+ 

32 

+ 

58 

- 

85 

+ 

67 

- 

76) + (-14 

+ 

41 

- 

23 

+ 

32 

+ 

58 

- 

85 

+ 

67 

- 

76) 

2067 

= 

(+14 

- 

4i 

+ 

23 

- 

32 

+ 

58 

- 

85 

+ 

67 

- 

76) + ( + 14 

- 

41 

+ 

23 

- 

32 

+ 

58 

- 

85 

+ 

67 

- 

76) 

2068 

= 

(-13 

+ 

3i 

+ 

24 

- 

42 

- 

57 

+ 

75 

+ 

68 

- 

86) + ( — 13 

+ 

31 

+ 

24 

- 

42 

- 

57 

+ 

75 

+ 

68 

- 

86) 

2078 

= 

(+12 

- 

21 + 34 

- 

43 + 56 

- 

65 + 78 

- 

87) + ( + 12 

- 

21 + 34 

- 

43 + 56 

- 

65 + 78 

- 

87) 


and, from Formulas (l2.1dD : 


2019 = 

(—11' + I'i — 22' + 

2'2 

- 

33' + 3'3 — 44' 

+ 

4'4 — 55' + 

5'5 — 66' 

+ 

6'6 — 77' 

+ 

7'7 — 88' 

+ 

8'8 

2029 = 

( — 12' + 2T + 21' — 

l'2 

+ 

34' — 4'3 — 43' 

+ 

3'4 + 56' — 

6'5 — 65' 

+ 

5'6 — 78' 

+ 

8'7 + 8+ 

- 

7'8 

2039 = 

( — 13' + 3'I — 24' + 

4'2 

+ 

31' — 1'3 + 42' 

- 

2'4 + 57' — 

7'5 + 68' 

- 

8'6 — 75' 

+ 

5'7 — 86' 

+ 

6'8 

2049 = 

( — 14' + 4'1 + 23' — 

3'2 

- 

32' + 2'3 + 41' 

- 

1'4 + 58' — 

8'5 — 67' 

+ 7'6 + 76' 

- 

6'7 — 85' 

+ 5'8 

2059 = 

( — 15' + 5'l — 26' + 6'2 

- 

37' + 7'3 — 48' 

+ 8'4 + 51' - 

l'5 + 62' 

- 

2'6 + 73' 

- 

3'7 + 84' 

- 

4'8 

2069 = 

( — 16' + 6'l + 25' — 

5'2 

- 

38' + 8'3 + 47' 

- 

7'4 — 52' + 2'5 + 61' 

- 

l'6 — 74' 

+ 4'7 + 83' 

- 

3'8 

2079 = 

( — 17' + 7'i + 28' — 

8'2 

+ 

35' — 5'3 — 46' 

+ 

6'4 — 53' + 

3'5 + 64' 

- 

4'6 + 71' 

- 

1'7 — 82' 

+ 

2'8 

2089 = 

( — 18' + 8'I — 27' + 

7'2 

+ 

36' — 6'3 + 45' 

— 

5'4 — 54' + 

4'5 — 63' 

+ 

3'6 + 72' 

— 

2'7 + 81' 

— 

1'8 


The “new” Kiihler forms V'oi, '002, • ■ •, 0 O9, associated with Jqi, J 02 , • • ■, 039, read: 
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2'0O1 = + + I'i + 22' + 2'2 + 33' + 3'3 + 44' + 4'4 + 55' + 5'5 + 66' + 6'6 + 77' + 7'7 + 88' + S's), 

2'0O2 = *( + 12' + 2'i — 21' — 1'2 — 34' — 4'3 + 43' + 3'4 — 56' — 6'5 + 65' + 5'6 + 78' + 8'7 — 87' — 7'8), 

2i/’ 03 = i( + 13' + 3'i + 24' + 4'2 — 31' — l'3 — 42' — 2'4 — 57' — 7'5 — 68' — 8'6 + 75' + 5'7 + 86' + 6'8), 

2'0o 4 = *( + 14' + 4'i — 23' — 3'2 + 32' + 2'3 — 41' — l'4 — 58' — 8'5 + 67' + 7'6 — 76' — 6'7 + 85' + 5'8), 

(5.5) 2^05 = *( —15' — 5'i — 26' — 6'2 + 37' + 7'3 + 48' + 8'4 + 51' + I'S + 62' + 2'6 — 73' — 3'7 — 84' — 4'8), 

2^06 = *( —16' — 6'i + 25' + 5'2 — 38' — 8'3 + 47' + 7'4 — 52' — 2'5 + 61' + l'6 — 74' — 4'7 + 83' + 3'8), 

2'0O7 = *( —17' — 7'I + 28' + 8'2 + 35' + 5'3 — 46' — 6'4 — 53' — 3'5 + 64' + 4'6 + 71' + l'7 — 82' — 2'8), 

2^08 = *( —18' — 8'i — 27' — 7'2 + 36' + 6'3 + 45' + 5'4 — 54' — 4'5 — 63' — 3'6 + 72' + 2'7 + 81' + I's), 

2-009 = *( + li + 22 + 33 + 44 + 55 + 66 + 77 + 88 — I'l' — 2'2' — 3'3' — 4'4' — 5'5' — 6'6' — 7'7' — S'S'). 

Then: 

Proposition 5.1. The Lie subalgebras f) and spin(lO) o/so(32) are isomorphic. 


Proof. An isomorphism can be defined through the choices of our bases. Just look at the correspondence 

Pa/3 t y , 0 ^ O < ^ 8, Pa9 t t To^a+l; 0 ^ O ^ 8. 


□ 


Beginning of the Proof of Theorem Al.U The two isomorphic Lie subalgebras f),spin(10) C so(32) correspond 
to two subgroups H,H' C SO(32). Note that both id and H' are isomorphic to Spin(lO). For the subgroup iJ, 
this is recognized by the characterization of Spin(n) as the group generated by unit bivectors in the multiplicative 
group of invertible element in the ambient Clifford algebra (see for example [Har901 page 198]). As for PI', its 
isomorphism with Spin(lO) is a consequence of how we constructed the group H' C SU(16) and its Lie algebra 
at the beginning of this Section. Note that in the previous discussion we already denoted by Spin(lO) the 
subgroup H' C SU(16) and by spin(lO) its Lie algebra. By comparing with the half-spin representation theory 
l |Meil31 Chapter 3], in particular pages 80-85), it follows that H is a real non-spin representation of Spin(lO) 
and that H' is the image under one of the two non-isomorphic and conjugate half-spin representations of the 
abstract group Spin(lO). □ 

Remark 5.2. Concerning the subgroup H C SO(32), observe that among the endomorphisms Vo,Vi ,... , 7^9 of 
defined by Formulas (14.21) . just Pg ad P 7 are not in U(16) C SO(32). A detailed description of them gives: 


/ 


n = 


where 


and the left quaternionic matrices 


0 

0 

Rg 

0 

0 

0 

0 

Rg 

Rg 

0 

0 

0 

0 

— Rg 

0 

0 


Rg = 

f ° 

t-IHI 


V 

0 




/ 


V7 = 


0 

0 

—Rh 

0 

0 

0 

0 

Rh 

Rh 

0 

0 

0 

0 

—Rh 

0 

0 


\ 


Rh = 


( 


7-JHI _ 

^3 - 


0 0 


0 0 


V 


tM . 


/ 


0 


Lt 

0 

/o 

0 

0 

0 

0 

1 

V ^ 

0 


-1 \ 


are not in the subgroup U(2) C SO(4) (cf. [PP121 pages 329 and 331]). 
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6. The canonical 8-form $spin(io) 

Look now at the skew-symmetric matrix = {4’a/3)o<a,0<9 of the Kahler forms defined for a < /3 in the 
previous Section and associated with the family . The skew-symmetry of as matrix of Kahler forms 
associated with complex structures is insured by setting (formally, coherently with Proposition 15.11 and for 
a = 

doa — ? A — Tq. a Z — JaQ- 

Denote by T 2 = So<a</3<9 V'a/3 the second coefficient of its characteristic polynomial. 


Theorem 6.1. 

where 


a; = -(ii + 


T2{v) = -3a;' 
f 88 -I- I'i' 


-I-h 8'8') 


is the Kahler 2-form of the complex structure I on <C 


16 


79’ 


1^2 


Proof. Decompose T 2 as follows: 

T'2 = P2 + /42 + V2, 

where 

P2= 

l<a</3<8 1<7<8 1<<5<9 

and note that the 2-forms ip appearing in the three sums are listed in (j5.3l) . (15.4p . (15.5L respectively. 
Look first at the restrictions P2|y, 1*21^11^2|c, P2|y', M2|y', i^2|y' to the subspaces 

V =< 1,2,...,8 >, V' =< l',2',...,8' > . 


P2= 


= I] V'oi 


We get: 

P 2 |y = 2(ll22-|—-1-7788) = -4(a;|y)^, P 2 |y' = 2(l'i'2'2'-|—-|-7'7'8'8') = 

P2\v = i^2|y = P‘2\v' = y2|y' = 0. 

Decompose now p 2 as 

P2 = P2\v + P2|y' + P2, 

and to compute p 2 observe first that the Kahler forms ipa /3 in (ion can be arranged in the following seven 
families: 

■ 012 , V' 34 ,' 056,'078 = (±[12] ± H ± [se] ± [ 78 ]) ± (±[12]' ± [34]' ± [se]' ± [ 78 ]'), 

013 , 024 , 057,068 = (±[l 3 ] ± [24] ± [57] ± [ 68 ]) ± (±[l 3 ]' ± [24]' ± [57]' ± [ 68 ]'), 

014 , 023 , 058,067 = (±[l 4 ] ± [23] ± [58] ± [ 67 ]) ± (±[l 4 ]' ± [23]' ± [58]' ± [ 67 ]'), 

( 6 . 1 ) 015 , 026 , 037 , 048 = (±[l 5 ] ± [26] ± [37] ± [48]) ± (±[l 5 ]' ± [26]' ± [37]' ± [48]'), 

016 , 025 , 038,047 = (±[l6] ± [as] ± [ 38 ] ± [47]) ± (±[l 6 ]' ± [25]' ± [38]' ± [47]'), 

017 , 028 , 035,046 = (±[l 7 ] ± [28] ± [35] ± [46]) ± (±[l 7 ]' ± [28]' ± [35]' ± [46]'), 

018 , 027 , 036,045 = (±[l 8 ] ± [27] ± [36] ± [45]) ± (±[l 8 ]' ± [27]' ± [36]' ± [45]'), 

where we use short notations like for example 

±[12] = ±(—12 -I- 21). 

In each line of Formulas dSH) the signs before brackets follow (up to a global change) the four patterns 


, . L J w [ j -r [ j [ j, I J w [ j [ j -r [ j, 

^ ^ -[]-[] + [] + [], +[] + [] + [] + [], 

that is, an even number of -I- and of — signs. Also, in all these seven families (and again up to a global change 
for forms of type ipip, for /3 = 2, ..., 8), the same pattern appears both in the terms with coordinates (1, ..., 8) 
and in those with coordinates (1', ..., 8'). 
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These observations allow to compute p 2 - Namely, the p 2 components (.) of the sums of four squared 

Kahler forms listed in each line of Formulas (16.11) read: 


+ ^56 


(6.3) 






+ i’h + ^37 


i^W + V'fs + ^38 


ii’lr + V'is + V'is 


ii’ls + i’ll + V'ie 


^|g) = [l2l'2' + 123'4' + 125'6' — 127'8' + 34l'2' + 343'4' — 345'6' + 347'8' 

+ 56l'2' — 563'4' + 565'6' + 567'8' — 78l'2' + 783'4' + 785'6' + 787'8'] odd-odd ' 
[—122'i' — 124'3' — 126'5' + 128'7' — 342'i' — 344'3' + 346'5' — 348'7' 

— 562'i' + 564'3' — 566'5' — 568'7' + 782'i' — 784'3' — 786'5' — 788'7'] odd-even 
[—2il'2' — 2i3'4' — 2i5'6' + 2i7'8' — 43l'2' — 433'4' + 435'6' — 437'8' 

— 65l'2' + 653'4' — 655'6' — 657'8' + 87l'2' — 873'4' — 875'6' — 877'8']even-odd 
[ 212 '!' -h 2i4'3' + 2i6'5' — 2i8'7' + 432'i' + 434'3' — 436'5' + 438'7' 

+ 652'i' — 654'3' + 656'5' + 658'7' — 872'i' + 874'3' + 876'5' + 878'7'] even-even 

l/'is) “ [l3l'3' — 132'4' + 135'7' + 130'8' — 24l'3' + 242'4' + 245'7' + 246'8' 

+ 571'3' + 572'4' + 575'7' — 570'8' + OSl'S' + 082'4' — 085'7' + 680'8']odd-odd ' 
[■ ■ ■ ]odd-even “t“ [. . . ]even-odd “t“ [. . . jeven-even ; 

= [l4l'4' + 142'3' + 145'8' — 140'7' + 23l'4' + 232'3' — 235'8' + 23e'7' 

+ 58l'4' — 582'3' + 585'8' + 580'7' — 67l'4' + 072'3' + 075'8' + 670'7'] odd-odd ' 

[• • • ]odd-even [. . . ]even-odd “t" [. . . ]even-even ; 

V’Is) = — 152'6' — 153'7' — 154'8' — 20l'5' + 202'6' — 263'7' — 264'8' 

— 371'5' — 372'0' + 373'7' — 374'8' — 48l'5' — 482'6' — 483'7' + 484'8']odd-odd 

[• • • ]odd-even “t“ [. . . ]even-odd “t“ [. . . ]even-even ; 

V’ 47 ) = [l6l'0' + 102'5' — 103'8' + 164'7' + 25l'6' + 252'5' + 253'8' — 254'7' 

— 381'0' + 382'5' + 383'8' + 384'7' + 47l'0' — 472'5' + 473'8' + 474'7']odd-odd ' 

[■ • • ]odd-even “t“ [. . . ]even-odd “t“ [. . . ]even-even : 

V'le) = [l7l'7' + 172'8' + 173'5' — 174'0' + 28l'7' + 282'8' — 283'5' + 284'0' 

+ 35l'7' — 352'8' + 353'5' + 354'0' — 40l'7' + 402'8' + 403'5' + 404'0'] odd-odd 
[■ • • ]odd-even [. . . ]even-odd [. . . ]even-even ; 

V' 45 ) = — 182'7' + 183'0' + 184'5' — 27l'8' + 272'7' + 273'0' + 274'5' 

+ 30l'8' + 302'7' + 303'0' — 304'5' + 45l'8' + 452'7' — 453'0' + 454'5'] odd-odd 
[■ - ■ ]odd-even “t“ [. . . ]even-odd “t“ [. . . ]even-even : 


+ 


+ 


where the parentheses [... ]odd-odd, [■ • ■ ]odd-even, ■ • ■ are the 448 = 64 x 7 double products of terms that in 
Formulas (j5.3p appear as summands both in an odd position, or the first in an odd and the second in an even 
position, or similarly for the remaining two cases. 

Next, look at p .2 = X)i<7<8 Formulas (15.411 . One gets in this ways a sum of 960 = 120 x 8 terms, 

among which 64 = 8 x 8 give: 

/ 1/ 

p,2 = 2 + 112 ' 2 ' + • • • + 118 ' 8 ' + • • • + 888 ' 8 ') 

and the remaining 896 terms yield the component fi 2 of 

M2 = M2 + M2- 
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Now a computation shows that one half of the 896 terms in jl 2 coincide, up to coefficient — with the 448 = 64x7 
terms of p 2 - For example, among the following four terms: 

Il2 = -(ll'2'2' — 11'2'2 — 1'12'2' + l'l2'2 + . . . ) 

only the two underlined correspond to terms in p 2 . Thus, if p 2 denotes the sums of all underlined terms in fl 2 
we get: 

1 , 

P2 + — 2^2- 

Finally, look at terms of ^2 = X]i<5<9 V'oi through Formulas (15.51) . This gives 1080 = 120 x 9 terms. Among 
them, 64 = 8 X 8 terms (coming from all the 'ipQg except ^gg) yield the following sum 

1 ^ 

118 ' 8 ' + ■ • • + 888 ' 8 '), 


1^2 = -(lllT' + 112'2' 


P2 + 1^2 — lll'l' + 112'2' + • • • + 18'8' + • • • + 888'8'. 


SO that 
Moreover, we get: 

tpQg = —-(1122 + • • • + 7788 ) — -(lT'22' + • • • + 7'7'8'8') + -(lll'l' + li'2'2' + ■ • • + li8'8' + • • • + 888'8'), 

and by summing up: 

(6.4) 

P2\v + P2\v' + p'2 + ^^2 + V'09 = 2(1122 H-+ 7788 + l'i'2'2' H-h 7 ' 7 ' 8 ' 8 ') + (lll'l' + li2'2' H-h 888 ' 8 ') 

— -(1122 + ■ • • + 7788 + l'i' 22 ' + • ■ • + 7'7'8'8') + -(lll'l' + li' 2 ' 2 ' + ■ • ■ + li8'8' + • • • + 888'8') = — 


Next, we still have to deal with 


(6.5) 


P 2 + P 2 + V 2 = i/Sg + (A2 - ^) + V 2 , 


where the summands ^P 2 , P 2 — p 2 , f'2 consist respectively of 448, 448, 996 terms. A straightforward computation 
shows that this sum is zero. For example, the initial terms of the three sums are: 

1 ~ Ir 

-P2 = 2 [121'2' — 122'1' — 211'2' + 212'l' + . . . J 
Ir 

/l2 — = 2 + 1'12'2 — 12'21'2'11'2 + . . . J 


£'2=2 [—ll'22' — ll'2'2 — 1'122' — l'l2'2' + 12'2l' + 12'l'2 + 2'l2l' + 2'll'2 + . . . ] 

and it is easy to see that the written terms cancel pairwise. 


□ 


It is now natural to give the following 

Definition 6.2. Let 74 be the fourth coefficient of the characteristic polynomial. We call the 8-form 

^Spin(lO) “ ^^(V^ ) “ ^ ^ ('*Aaia2 '*(’0304 V’cticta + '*/’aia4 ^ '^020:3) 

0<ai <a2<Q:3<Q:4<9 

the canonical 8-form associated with the standard Spin(10)-structure in 

Remark 6.3. A close analogy appears between the constructions of the forms $gpin(g) G A®(]R^®) and $gpi„(iQ) G 
A®(C^®) (cf. Proposition 12.21 and Definition 16.21) . 

However, 4>gpin(g) can alternatively be defined by integrating the volume of octonionic lines in the octonionic 
plane. Namely, if i/i denotes the volume form on the line I = {(a;,ma;)} or I = {(0,?/)} in O^, then 
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where pi ■. GP = —>■ I is the orthogonal projection and is the octonionic projective line of all 

the lines I C This is the definition of $spin( 9 ) proposed by M. Berger in [Ber72) . somehow anticipating the 
spirit of calibrations. 

Of course, an approach like this is not possible for ‘f’gpin(io), due to the lack of a similar Hopf fibration to 
refer to. Thus Definition appears to be a coherent algebraic analogy, and as we will see in next Section, it 
is suitable to represent a generator for the cohomology of the relevant symmetric space. 

Remark 6.4. Denote by 3 the standard complex structure on and look at the ten endomorphisms fJ, Ii,..., Xg: 
the first of them is a complex structure and the remaining nine are involutions. The above discussion shows 
that these data are the right choice to give rise, via compositions of any pair of the ten endomorphisms, to the 
family = {Ja/ 3 }o<a</ 3 < 9 , a basis of spin(lO). Note also that, on the fourth Sever! variety EIII, the complex 
structure 3 can be looked at as element of the Lie algebra in the second factor of its holonomy Spin(lO) • U(l). 


7. The even Clifford structure, cohomology and proof of Theorem 11.21 


In [MS11| the notion of even Clifford structure on a Riemannian manifold (M, g) is proposed as the datum of 
an oriented rank r Euclidean vector bundle E —>■ M, together with a bundle morphism tp : C\^{E) End(TM) 
from the even Clifford algebra bundle of E, and mapping A^E into the skew-symmetric endomorphisms. Here 
is viewed as a sub-bundle of C1°(E) by the identification e A / ^ e • / -I- h{e, /), for each e, f G E and where 
h is the Euclidean metric on E. 

Under the hypothesis of parallel even Clifford structure (cf. [MSlll page 945]), complete simply connected 
Riemannian manifolds admitting such a structure are classified f |MSlll page 955]) and EIII turns out to be the 
only non-flat example with r = 10. 

Proposition 7.1. The sub-bundle E =< Xq > © < >C End(rEIII) defines on EIII an even rank 

10 parallel Clifford structure. 

Proof. The Clifford morphism p : C1°(E) ^ End(TEIII) is defined by composition. The property ip{A^E) C 
End“ (T EIII) is insured by X^oTp = —Xp o X^ just setting formally XgoXp = —Xp o Xg, fi = 1,..., 9, 

where Xq and Xp act on different factors of the prototype space C i© = C^®. Remind that the involutions 
Xi,... ,X 9 are only defined locally, while the complex structure Xg is global on EIII. The connection insuring 
the parallelism is the Levi-Civita connection on the endomorphisms’ bundle. □ 

The (rational) cohomology of the fourth Sever! variety V( 4 ) = EIII can be computed from the so-called 
A. Borel presentation. Let G be a compact connected Lie group, let be a closed connected subgroup of 
maximal rank and let T be a common maximal torus. Then (cf. [Bor53l §26, page 19]): 


(7.1) 




where BT is the classifying space of the torus T, H*{BT)^^^'> is the invariant sub-algebra of the Weyl group 
W{H), and (^BT)^ denotes the component in positive degree of the invariant sub-algebra of the Weyl 
group W{G). One gets in this way the cohomology structure given by (13.21) . Thus: 


Corollary 7.2. The Poincare polynomial, the Euler characteristics and the signature of Fill are given by 
PoinEiji = 1 + + t® + 2t® + + 2^"^ + 2fi'^ + 3t^® + ..., 

Xeiii = 27, 


(7.2) 


f^Ein — 3. 


Since EIII can be looked at as the projective plane over the complex octonions, it is natural to similarly 
construct a projective line over complex octonions, that turns out to be a totally geodesic submanifold of the 
former [Escl2al IEscl2b| . This is the oriented Grassmannian: 


(7.3) 


(C®0)pi = Gr2(K^°), 


which is a non singular quadric Qg C CP®, thus again a Hermitian symmetric space. Its rational cohomology 
is given by: 
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Proposition 7.3. 

(7.4) 7J*(Gr2(Mi°))^Z[e,e^]/(p5,P8) 

where e € and e'^ € i?® are the Euler classes of the tautological vector bundle and of its orthogonal 
complement, and the relations are: = ee'^ € = e® — 

Thus: 

Corollary 7.4. The Poincare polynomial, the Euler characteristics and signature are 

PO™Gr2(*10) = 1 + + . . . , 

^GraCKlO) “ '^GraCMlO) = 2- 

End of Proof of Theorem \l.l\ and Proof of Theorem \1.2\ To relate $gpin(iQ) with algebraic cycles in V( 4 ) C 
CP^®, look first at its totally geodesic projective line over complex octonions, i.e. at Qs — Gr 2 (R^°), cf. (ESI). 
There is a natural homogeneous sphere bundle one can consider over it, namely: 

(7.6) Spin(10)/Spin(7) x SO(2) A Gr 2 (R^°). 

This is in fact a sub-bundle to the restricted S'®-bundle 

E6/Spin(9) • U(1 )|g.,(rio) ^ Gr 2 (K'°) C EIII, 

and these are the sphere bundles associated with the defining vector bundles of two even Clifford structures 
we are considering. The former is the rank 8 even Clifford structure defined on any oriented Crassmannian 
SO(/c -I- 8 )/SO( 8 ) X SO(fc) (cf. |MS111 pages 955 and 965]), and here globally defined since fc = 2 is even. The 
latter is the rank 10 even Clifford structure we defined in the previous Section, and here restricted to Gr 2 (K^®). 

Next, from Eormulas (15.51) . one sees that the vanishing of coordinates on the “octonionic line” Gr 2 (]R^°) 

makes ' 0 o/ 3 |Gr 2 (R'^°) = 0 for /3 = 1,..., 8 . Thus by looking at T 4 as sum of 4 x 4 principal minors, we obtain: 

T4(V'^|Gr2(RiO)) = 7-4(V^a/3)i<„<^<8 + ^ (V'a/jV’Og)^. 

l<a</3<8 

We need now the following fact. The Kahler 2-forms ipap (0 < a < /? < 9), that we wrote explicitly and 
globally on are of course only local on EIII. They are associated with its non-flat even parallel rank 10 

Clifford structure. In situations like this it has been proved that such Kahler 2-forms turn out to be proportional 
to the curvature forms itap of a metric connection on the structure bundle. An observation like this can be 
traced back to S. Ishihara in the context of quaternion-Kahler manifolds, where the local Kahler 2-forms 

associated with the local compatible almost complex structures I, J, K are recognized to be proportional to the 
curvature forms. Later, a similar argument has been developed by A. Moroianu and U. Semmelmann to get the 
same identification on Riemannian manifolds M equipped with a non-flat parallel even Clifford structure |MS111 
Prop. 2.10 (ii) (a) at page 947 and Formula (14) at page 949]. In all these contexts, the Einstein property of 
the manifold is insured from the hypotheses. The proportionality stated in [MS 11] reads: 

^a/3 — ^V^a/3 

where k is deduced from the Ricci endomorphism Ric on M as follows 

Ric = K{nl4: + 2r — 4:), 

and n, r are the real dimension of the manifold and the rank of its non-flat even Clifford structure, respectively. 
Note that this insures that the 8 -form on EIII is closed, ending the proof of Theorem ll.il 

Coming now to Theorem 1 1.21 look at the totally geodesic Qs — Gr 2 (K^®). On Qg the restriction of our ipap, 
(1 < a < P < 8) defines a rank 8 even Clifford structure. We normalize the metric on EIII in such a way that 
the induced metric on Qs is the same as the one induced by Qs C CP®, with CP® of holomorphic sectional 
curvature 4. This choice gives Ric{CP^) = 20 and Ric{Qp) = 16, so that the above identity with n = 16 and 
r = 8 gives k = 1. Therefore on the quadric 


^a/3 — V^a/3. 
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Thus the are local curvature forms of a metric connection on the rank 8 Euclidean vector bundle over 
Gr 2 (M^°) having (17.611 as associated sphere bundle. This vector bundle is easily recognized to be the 

orthogonal complement in of the tautological plane bundle over Gr 2 (M^°), and it defines a non-flat even 
rank 8 Clifford structure on Gr 2 (K^°), cf. [MS111 Tables at pages 955 and 965]. Using Chern-Weil theory, and 
recalling that V'oqIc® = + ''' + **) and V'o/slcs = 0 otherwise, we get: 

(7.7) 'r4(V'^lGr-2(Ri'>)) = (27r)'‘p2(7^(I^^°)) - 

Here p 2 is the second Pontrjagin class and the last coefficient —4 comes from: 

= P2|v =-4(w|v)^, 

l<a</3<8 

cf. beginning of the proof in 16. II 

The equality 17.71 can be reread by restricting at the maximal linear subspaces CP^, (CP^)', that parametrize 
those oriented 2-planes in that are complex lines with respect to a complex structure preserving or reversing 
the orientation, cf. Remark ixn If p 2 = P 2 ( 7 i'(C®)) is now the second Pontrjagin class of the orthogonal 
complement of the tautological line bundle over CP'^, this gives: 

I d’Spin(lO) = / P2- 

Jcp* or (CP^)' Jcp^ or (CP^)' 

Here the last integral can be computed in terms of the Ricci form p = buj, thus allowing to pass to the first 
Chern class ci = ^ of M = CP'^ or (CP^)'. Recalling that ci is 5 times a generator of the integral cohomology: 

,4 


On the other hand the Pontrjagin class p 2 ( 7 i^(C^)) relates with the Chern classes of the same bundle as 
P 2 = 2c4 — 2ciC 3 -I- c|, giving again the generator of the top integral cohomology class. Thus, taking into account 
the orientation matter concerning CP^ and (CP^)' and discussed in Remark l3.ll one gets: 

1 

W 

and the conclusion follows. □ 
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discussions on Clifford structures, and finally M. Radeschi for telling us about the notion of Clifford system. 


= 1 , 


/CP'* or (CP**) 


(271)4 


'CP'* or (CP*)' 


d’Spin(lO) = ±1 - 4 = 


Jm 


(271)4 


a;4 = 


/m=CP* or (CP'*)' 


1 ( 2 ^: 
(27r)4 54 


/ 

JCP^ or (CP4)' 
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